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Abstract
We consider the following natural questions: when a topological group G has a first countable remainder, when G has a remainder
of countable tightness? This leads to some further questions on the properties of remainders of topological groups. Let G be a
topological group. The following facts are established. 1. If Gω has a first countable remainder, then either G is metrizable, or G is
locally compact. 2. If G has a countable network and a first countable remainder, then either G is separable and metrizable, or G is
σ -compact. 3. Under (MA + ¬CH) every topological group with a countable network and a first countable remainder is separable
and metrizable. Some new open problems are formulated.
© 2007 Published by Elsevier B.V.
MSC: primary 54A25; secondary 54B05
Keywords: Compactification; Remainder; First countable space; π -character; Tightness; ω-bounded; Countably compact; Martin’s Axiom;
Souslin number; Separable; π -base; Active point; Strongly ω-bounded; Lindelöf space
1. Introduction
We consider the following general question: when a topological group G has a remainder satisfying certain restric-
tions on cardinal invariants? In particular, when a topological group has a first countable remainder? A remainder of
countable tightness? A remainder of countable π -character? A separable remainder? Each of these questions turn out
to be non-trivial and has interesting aspects and connections. Though our main interest is in the case of topological
groups, for the obvious technical reasons we have to study first similar questions for general Tychonoff spaces, even
though in this more general setting our results are far less conclusive.
This article may be viewed as a continuation of articles [5,6]. In particular, it was proved in [6] that if a topological
group G has a remainder with a Gδ-diagonal, then both G and this remainder are separable and metrizable, or G is
locally compact.
Among the main results of this paper are the following statements:
1. If a nowhere locally compact Tychonoff space X has a first countable remainder in a compactification bX, then
the Lindelöf degree of X does not exceed 2ω (Theorem 4.4).
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A.V. Arhangel’skii / Topology and its Applications 154 (2007) 2950–2961 29512. A topological group G is metrizable if there is a non-locally compact metrizable space M such that the product
space X ×M has a first countable remainder (Corollary 2.2).
3. Let G be a non-compact topological group such that Gω has a first countable remainder. Then G is metrizable
(Theorem 2.1).
4. For any uncountable Tychonoff space X, no remainder of Cp(X) has a countable π -character (Theorem 5.5).
5. If X is a space such that some remainder of Cp(X) is a space of countable pseudocharacter, then X is countable
(Theorem 5.7).
In particular, there is no compactification of Rω1 such that every point in the remainder is a Gδ-point (Corol-
lary 5.8).
6. Under (MA + ¬CH), if a topological group G with a countable network has a first countable remainder, then G
is metrizable.
All spaces considered below are assumed to be at least Hausdorff. We follow the terminology and notation in [10].
A remainder of a Tychonoff space X is a remainder of X in some compactification of X. We say that a Tychonoff
space X has some property at infinity if there is a remainder of X with this property. For the definition of Σ -spaces
see [15], for the definition of p-spaces see [1]. A thorough introduction to cardinal invariants can be found in [13].
A space is said to be ω-bounded (strongly ω-bounded) if the closure of every countable (σ -compact, respectively)
subset is compact. It is easy to show that if a Tychonoff space X is (strongly) ω-bounded at infinity, than every
remainder of X is (strongly) ω-bounded.
A space X is of countable type if every compact subspace is contained in a compact subspace with a countable base
of neighbourhoods [12]. All metrizable spaces, all ˇCech-complete spaces, even all p-spaces are spaces of countable
type [1]. Recall that a π -network (a π -base) of a space X at a point x ∈ X is a family η of non-empty subsets (open
subsets, respectively) of X such that every open neighbourhood of x contains an element of η.
2. Some new notions, elementary techniques, and first general results
Our main results in this section are the following two theorems.
Theorem 2.1. Let G be a non-compact topological group such that Gω has a first countable remainder. Then G is
metrizable.
Theorem 2.2. A topological group G is metrizable if there is a nowhere locally compact metrizable space M such
that the product space G×M has a first countable remainder.
The two theorems will follow from a chain of results in this section, some of which are interesting in themselves.
Here is a new technical notion we need. A point x of a space X will be called active if there exists a countable
decreasing network at x consisting of closed non-compact subsets of X.
We present now a transparent and general sufficient condition for a point of a space to be active.
Proposition 2.3. Suppose that M is a closed metrizable subspace of a regular space X. Then X is active at every
point a of M at which the space M is not locally compact.
Proof. Assume that a ∈ M and that the space M is not locally compact at a. Fix a countable decreasing base γ of M
at a, and put ξ = {V : V ∈ γ }. Any P ∈ ξ is closed in X and not compact, since the space M is closed in X and not
locally compact. It follows that X is active at a. 
The following is an application of the above result.
Proposition 2.4. Let X =∏{Xn: n ∈ ω} be the product of a countable family of non-countably compact spaces Xn.
Then X is active at each point.
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of Xn such that an ∈ Mn. Then M =∏{Mn: n ∈ ω} is a closed metrizable subspace of X, and a ∈ M . Since M ,
obviously, is not locally compact at a, it follows from Proposition 2.3 that X is active at a. 
Theorem 2.5. If some remainder of a Tychonoff space X is countably compact, then no point of X is active.
Proof. Assume that a is an active point of X, and let bX be a compactification of X. Fix a decreasing countable
network η = {Vn: n ∈ ω} of X at a consisting of closed non-compact subsets of X. Put Z = bX \ X. Let Pn be the
intersection of Z with the closure of Vn in bX; the set Pn is not empty, since the closure of Vn in X is not compact.
Fix a point zn in Pn. Clearly, ξ = {zn: n ∈ ω} is a sequence of points of Z converging to a. Since a is not in Z, it
follows that there is no point of accumulation for ξ in Z. Hence, Z is not countably compact. 
We now slightly generalize the notion of an active point of a space, as follows.
Let us call a point x ∈ X a weakly active point of a space X, if there exists a countable family ξ of closed non-
compact subsets of X such that every open neighbourhood of x contains an element of ξ (that is, ξ is a π -network of
X at x). A space X is active (weakly active), if every point x ∈ X is active (respectively, weakly active). Here is an
obvious statement:
Proposition 2.6. If some point a of a space X is weakly active, then X is not locally compact at a.
However, the converse is not true, even for countable spaces. The next example shows it.
Example 2.7. Let X = V (ω) be the countable Fréchet–Urysohn fan. At the only non-isolated point a of V (ω) the
space V (ω) is not locally compact. However, it is easily seen that V (ω) is not weakly active at a.
Theorem 2.8. Suppose that X is a nowhere locally compact Tychonoff space, and X is weakly active at some point
a ∈ X. Suppose also that bX is a compactification of X such that the remainder bX \ X has a countable π -base at
every point. Then the π -character of X at a is countable, that is, there is a countable π -base of X at a.
Proof. Since X is weakly active at a, we can fix a countable family ξ of closed non-compact subsets of X which is a
π -network of X at a. Denote by η the family of closures of elements of ξ in bX. Clearly, η is also a π -network of bX
at a. Since no element of ξ is compact, we have F \ X = ∅, for each F ∈ η. Fix a point xF ∈ F \ X, for each F ∈ η,
and put A = {xF : F ∈ η}. The set A is countable, and A ⊂ bX \X.
Observe that the remainder bX \X is dense in bX, since the space X is nowhere locally compact. It follows that the
π -character of bX is countable at every point of A. In particular, bX has a countable π -base BF = {Un(F ): n ∈ ω}
at xF . Obviously, the family γ = {V ∩X: V ∈⋃{BF : F ∈ η}} is a countable π -base of X at a. 
Since every topological group with a countable π -base at a point is metrizable [3], we immediately obtain from
Theorem 2.8 and Proposition 2.6 the following statement:
Theorem 2.9. Let G be a weakly active topological group with a first countable remainder (with a remainder of
countable π -character). Then G is metrizable.
Theorem 2.10. If G =∏{Gn: n ∈ ω} is the product of a countable family of non-countably compact topological
groups Gn, and G has a first countable remainder (a remainder of countable π -character), then G is metrizable.
Proof. This follows from Proposition 2.4 and Theorem 2.9. 
Now we can easily prove one of our main results—Theorem 2.1.
Proof. of Theorem 2.1. We claim that G is not countably compact.
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countable remainder. Since Gω is nowhere locally compact, the remainder F = B \ Gω is dense in B . It follows that
B is first countable at each point of F . The set G is not closed in B , since G is not compact. Hence, some point z
of F belongs to the closure of G. Since B is first countable at z, it follows that some sequence in G converges to z.
Therefore, G is not countably compact. The claim is proved.
Now it remains to apply Theorem 2.10. 
Theorem 2.11. Suppose that Z = X × Y is the product of a Tychonoff space X and a metrizable nowhere locally
compact space Y . Suppose also that Z has a first countable remainder. Then the π -character of X is countable, that
is, πχ(X) ω.
Proof. Take any x ∈ X, and put Mx = {(x, y): y ∈ Y }. Then Mx is a closed metrizable subspace of Z, and Mx is
homeomorphic to y. Hence, Mx is not locally compact at every point (x, y) ∈ Mx . It follows from Proposition 2.3 and
Theorem 2.8 that there is a countable π -base γ of Z at (x, y). Put η = {pX(W): W ∈ γ }, where pX :X × Y → X is
the natural projection of the product X×Y onto the first factor X. Since pX is an open continuous mapping, it follows
that η is a countable π -base of X at x. Thus, πχ(x,X) ω. 
Proof of Theorem 2.2. This follows from Theorem 2.11, since every topological group of countable π -character is
metrizable [6]. 
Note, that Theorem 2.2 remains valid if we replace in it “metrizable” by “first countable”.
Example 2.12. Topological space Nω1 , where N is the discrete space of natural numbers, does not have a Hausdorff
compactification the remainder of which is first countable.
Indeed, Nω1 is homeomorphic to the topological group Zω1 , where Z is the discrete group of integers. Besides, Zω1
is homeomorphic to the product Zω1 × Zω . Thus, Zω embeds into Zω1 as a closed subspace. Since Zω is metrizable
and nowhere locally compact, it follows from Theorem 2.2 that no compactification of Zω1 has a first countable
remainder. Hence, no compactification of Nω1 has a first countable remainder as well.
Similar statements hold true for the group Rω1 and for the Σ -product of uncountably many copies of R or N .
3. Remainders of topological groups with a countable network and of σ -compact groups
Where to look for a non-metrizable topological group with a first countable remainder? The main result in this
section helps to further narrow down the area of search. This is the following theorem:
Theorem 3.1. If G is a topological group with a countable network, and G has a first countable remainder, then either
G is metrizable, or G is σ -compact.
This theorem is a special case of Theorem 3.3 proved with the help of the following basic statement:
Theorem 3.2. Every space X with a countable network is either σ -compact or is active at some point.
Proof. Fix a countable network S in X. Clearly, we may assume that the intersection of an arbitrary finite subfamily
of S belongs to S, and that all elements of S are closed sets.
Denote by γ the family of all compact elements of S. If
⋃
γ = X, then X is σ -compact.
It remains to consider the case, when X \ (⋃γ ) = ∅. Fix a ∈ X \ (⋃γ ), and put η = {P ∈ S: a ∈ P }. Then it is
easy to see that η is a network of X at a, and that none of elements of η is compact. Therefore, X is active at a. 
Theorem 3.3. If G is a topological group with a countable network, and G has a remainder of countable π -character,
then either G is metrizable, or G is σ -compact.
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topological group, it follows from Theorem 2.9 that G is metrizable. 
Theorem 3.4. If a space X with a countable network has a countably compact remainder, then X is σ -compact.
Proof. Indeed, we have already established that a space with an active point cannot have a countably compact re-
mainder (see Theorem 2.5). 
All separable metrizable spaces have first countable remainders. In this connection, it is natural to ask the following
question:
Problem 3.5. Suppose that G is a topological group with a countable network and a first countable remainder. Is G
metrizable (equivalently, first countable) (in ZFC)?
Theorem 3.1 suggests where to look for non-metrizable groups with a first countable remainder. Thus, we come to
the following questions:
Problem 3.6. Is there a non-metrizable countable topological group with a first countable remainder?
Problem 3.7. Is there a non-metrizable σ -compact non-compact topological group with a first countable remainder?
Let us show that it is consistent with ZFC that the answer to the last two questions is “no”.
However, we will first establish that a non-discrete countable topological group need not have weakly active points.
Thus, the methods used above are not directly applicable in this case.
Recall that a space X is said to be a kω-space if X =⋃{Fn: n ∈ ω}, where each Fn is compact, and the following
condition holds:
(kω) A subset A of X is closed if and only if A∩ Fn is closed for each n ∈ ω.
Theorem 3.8. Every regular kω-space X is strongly ω-bounded at infinity.
Proof. Observe that every regular kω-space is Tychonoff since it is σ -compact and hence, Lindelöf. Let {Fn: n ∈ ω}
be a generating sequence of compacta in X. Fix a compactification bX of X, put Y = bX \X, and let {Pn: n ∈ ω} be
an arbitrary sequence of compacta in Y . Put M =⋃{Pn: n ∈ ω}.
Claim. The closure of M in Y is compact.
Indeed, fix k ∈ ω. We are going to construct a closed subset Hk of Y such that the closure of Hk in bX does not
intersect Fk .
We may assume that Fi ⊂ Fj whenever i < j . For each i < k fix an open neighbourhood Oi of Pi in bX such that
the closure of Oi in bX does not intersect the set Fk . For every i  k fix an open neighbourhoood Oi of Pi in bX
such that the closure of Oi in bX does not intersect the set Fi . The intersection of X with the closure of Oi in bX we
denote by Hi,k .
Put Hk =⋃{Hi,k: i ∈ ω}. Each Hi,k is, clearly, closed in X. Since X is a kω-space, and each Fn intersects only
finitely many of the sets Hi,k (for a given k), the set Hk is closed in X. By the construction, Hk ∩ Fk = ∅. Let Bk be
the closure of Hk in bX. Since Fk ⊂ X and Hk is closed in X, we also have Bk ∩ Fk = ∅. Hence, B =⋂{Bn: n ∈ ω}
is a compact subspace of bX and B ∩X = ∅, that is, B is contained in the remainder. Now, B obviously contains M ;
therefore, the closure of M in the remainder is contained in the compact set B and hence, is also compact. 
The last theorem is instrumental in establishing the key property of a space in the next example. In connection
with this example observe that none of the remainders of a non-locally compact separable metrizable space can be
countably compact.
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Z is the Stone– ˇCech remainder of Y . Then Z has the following properties:
(1) Z is ˇCech-complete;
(2) The Souslin number of Z is countable;
(3) Z is not separable;
(4) For every σ -compact subspace P of Z, the closure of P in Z is compact that is, Z is strongly ω-bounded;
(5) Z is not k-separable, that is, Z does not have a dense σ -compact subspace;
(6) Z is not paracompact;
(7) Z contains a dense ˇCech-complete Lindelöf subspace;
(8) Z contains a dense Kσδ-subspace;
(9) Z is not σ -metacompact;
(10) The topological group Y acts in a natural way on Z, this action is continuous, and the closure of every orbit
under this action is compact;
(11) No point of Y is weakly active.
Proof. (1) Clearly, Y is countable. Therefore, Z is ˇCech-complete.
(2) The space βY is separable, since Y is countable and dense in βY . It follows that the Souslin number of βY is
countable. Since Y is nowhere locally compact, the space Z = βY \Y is also dense in βY . Hence, the Souslin number
of Z does not exceed the Souslin number of βY , that is, c(Z) ω.
Clearly, (3) and (5) both follow from (4).
(4) The space Y is a kω-space (see [11]), so that 4) follows from Theorem 3.8, since obviously, every remainder of
any space strongly ω-bounded at infinity is strongly ω-bounded.
(6) Assume that Z is paracompact. Then Z is Lindelöf, since c(Z) ω. It follows that Y is a space of countable
type. Since Y is countable, we conclude that Y is first countable and, hence, Y has a countable base, a contradiction.
(7) Since Z is ˇCech-complete, there exists a dense paracompact ˇCech-complete subspace Z0 in Z [17]. Then
c(Z0) c(Z) = ω; it follows that Z0 is Lindelöf.
(8) Every ˇCech-complete Lindelöf space can be represented as the intersection of a countable family of σ -compact
subspaces in its compactification. Therefore, the subspace Z0 from the proof of (6) is a Kσδ-space.
(9) Every ˇCech-complete σ -metacompact space with the countable Souslin number is paracompact, according to
the main theorem in [2]. However, we already know that Z is not paracompact.
The proof of (10) is obvious.
It remains to prove (11). This property of Z follows from Theorem 3.10 below. 
Theorem 3.10. If some remainder of a Tychonoff space X is ω-bounded, then no point of X is weakly active.
Proof. Assume that a is a weakly active point of X, and let bX be a compactification of X. Fix a countable π -network
η = {Vn: n ∈ ω} in X at a consisting of closed in X non-compact subsets of X. Put Z = bX \ X. Let Pn be the
intersection of Z with the closure of Vn in bX; the set Pn is not empty, since the closure of Vn in X is not compact.
Fix a point zn in Pn. Clearly, ξ = {zn: n ∈ ω} is a sequence of points of Z such that a is a point of accumulation for ξ .
Since a is not in Z, it follows that the closure of ξ in Z is not compact. Since ξ is countable, it follows that Z is not
ω-bounded. 
However, the answer to the next question remains unknown.
Problem 3.11. Does the free topological group of the convergent sequence, taken with its limit point, have a remainder
of countable π -character?
The next result is interesting in connection with the above problem and example. But it also helps to prove one of
the main theorems in this section.
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ω-bounded at infinity.
Proof. Fix a compactification bG such that the remainder bG \G is of countable π -character. Fix a countable subset
A of bG \ G, and assume that the closure of A in bG \ G is not compact. Since the closure of A in bG is compact,
it follows that c ∈ A, for some c ∈ G. Note that bG \ G is dense in bG. Fix now a countable π -base ηa of bG at a,
for each a ∈ A, and put ξa = {U ∩ G: U ∈ ηa}, and ξ =⋃{ξa : a ∈ A}. Then, clearly, ξ is a countable π -base of the
space G at a. Since G is a topological group, it follows that G is metrizable [3], a contradiction. 
Corollary 3.13. If G is a topological group with a remainder of countable π -character and with a Dieudonné complete
remainder, then G is either locally compact or metrizable.
Proof. Assume that G is not metrizable. Then, by Theorem 3.12, G is ω-bounded at infinity. Let Y be a Dieudonné
complete remainder of G. Then Y is ω-bounded, since every remainder of any ω-bounded at infinity space is
ω-bounded. It follows that Y is compact, since every Dieudonné complete ω-bounded space is compact. Therefore, G
is locally compact. 
By a very similar argument the next corollary is proved.
Corollary 3.14. If G is a topological group with a remainder of countable π -character and with a metacompact
remainder, then G is either locally compact or metrizable.
Theorem 3.15. If X is a metacompact first countable nowhere locally compact Tychonoff space with a remainder
homeomorphic to a topological group, then X is Lindelöf.
Proof. Fix a compactification bX of X with a remainder G homeomorphic to a topological group. Observe that G
is dense in bX, since X is nowhere locally compact. Since both X and G are dense in bX, and the sets G and X are
disjoint, it follows that G is not locally compact. It follows now from Corollary 3.14 that G is metrizable. Then, by
Henriksen–Isbell’s Theorem [12], the remainder X of G is Lindelöf. 
We need one more technical result to be used below.
Proposition 3.16. Suppose that G is a Lindelöf space with a remainder of countable tightness. Then the π -character
of the remainder is countable (at each point).
Proof. Let bG be a compactification of G such that the tightness of the remainder Y = bG \ G is countable. By
Henriksen–Isbell’s Theorem, the space Y is of countable type. Therefore, the π -character of Y is countable at each
point. Indeed, via a standard argument, this follows from a classical result of Shapirovskij. Let us recall the argument,
for the sake of completeness. Fix y ∈ Y , and let F be a compact subspace of Y such that y ∈ F and χ(F,Y )  ω
(that is, F has a countable base of neighbourhoods in Y ). Since the tightness of F is countable, it follows from a
fundamental theorem of Shapirovskij [18] (see also [13]), that there is a countable network η of F at y consisting of
closed Gδ-subsets of F . Then, for each P ∈ η, we have χ(P,Y ) ω, so that we can fix a countable base ξP of open
neighbourhoods of P in Y = bG \G. Then, clearly, ξ =⋃{ξP : P ∈ η} is a countable π -base of Y at y. 
We denote by (MA+¬CH) that we assume Martin’s Axiom and the negation of Continuum Hypothesis (see [14]).
Theorem 3.17 (MA + ¬CH). Suppose that G is a σ -compact topological group with a remainder of countable
tightness. Then either G is locally compact, or G is metrizable.
Proof. Assume that G is not locally compact and is not metrizable. Take a compactification bG such that the tightness
of the remainder Y = bG \ G is countable. Observe, that G is Lindelöf, since G is σ -compact. Hence, by Proposi-
tion 3.16, the π -character of Y is countable. Therefore, by Theorem 3.12, Y is ω-bounded. The Souslin number c(G)
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compact, the remainder Y is dense in bG. Therefore, c(Y ) ω as well.
Thus, Y is ˇCech-complete, the tightness of G is countable, and the Souslin number of Y is countable. According to
a theorem in [14] (Section 1), it follows from (MA + ¬CH) that the space Y is separable. Since Y is also ω-bounded,
it follows that Y is compact, and hence, G is locally compact, a contradiction. 
At last, we can prove one of our main consistency results:
Theorem 3.18 (MA + ¬CH). If G is a topological group with a countable network, and G has a remainder of
countable tightness, then G is metrizable.
Proof. The space G is Lindelöf, since G has a countable network. Therefore, it follows from Proposition 3.16 that G
has a remainder of countable π -character. Then, by Theorem 3.3, G is metrizable or σ -compact. Applying Theo-
rem 3.17, we conclude that G is either metrizable or locally compact. However, every locally compact space with a
countable network is metrizable [1]. Hence, G is metrizable. 
4. On remainders of Lindelöf Σ-spaces
A space X is weakly active at a subset A of X if there is a countable family η of closed non-compact subsets of X
such that η is a network of X at A, that is, every open neighbourhood of A in X contains some element of η.
Theorem 4.1. Every non-σ -compact Lindelöf Σ -space X is weakly active at some (non-empty) compact subset of X.
Proof. Take any compactification bX of X, and fix a countable family ζ of compact subsets of bX such that ζ
T0-separates X from bX \ X. The last condition means that for each x in X and each y ∈ bX \ X there exists an
element of ζ that contains x and does not contain y. Clearly, we may assume that the intersection of an arbitrary finite
subfamily of ζ belongs to ζ .
Denote by γ the family of all F ∈ ζ such that F ∩X is compact. If⋃γ = X, then X is σ -compact.
It remains to consider the case, when X \ (⋃γ ) = ∅. Fix a ∈ X \ (⋃γ ), and put η = {P ∈ ζ : a ∈ P } and F =⋂η.
Then a ∈ F and F ⊂ X, since ζ T0-separates a from bX \ X. Clearly, F is compact, and η is a network of bX \ X
at F , since all elements of η are compact. Put ξ = {B ∩ X: B ∈ η}. Then ξ is also a network of X at F , and none of
elements of ξ is compact, since none of the elements of η belongs to γ . Therefore, X is weakly active at the non-empty
compact subset F . 
Theorem 4.2 (MA + ¬CH). If a non-locally compact topological group G is a Lindelöf Σ -space, and G has a
remainder of countable tightness, then G is separable and metrizable.
Proof. If G is σ -compact, this easily follows from Theorem 3.17. Thus, we may assume that G is not σ -compact.
Then, by Theorem 4.1, G is weakly active at some (non-empty) compact subset F . We will use this fact to prove
that G is a Lindelöf p-space.
Let bG be a compactification of G such that the tightness of the remainder Y = bG \ G is countable. By Proposi-
tion 3.16, the π -character of Y is countable at each point. Since Y is dense in bG, it follows that the π -character of
bG is also countable at each point of Y .
There is a countable network η of G at F such that every P ∈ η is a non-compact closed subset of G. Then
Y ∩P = ∅, for every P ∈ η. Fix yP ∈ P ∩ Y , and put A = {yP : P ∈ η}. Then A is countable, A ⊂ Y , and A∩F = ∅.
Hence, A∩G = ∅ and Y is not ω-bounded. Now it follows from Theorem 3.12 that G must be metrizable. Since G is
Lindelöf. G is also separable. 
Corollary 4.3 (MA + ¬CH). If G = F(X) is the free topological group of a non-metrizable Lindelöf Σ -space X,
then G does not have a remainder of countable tightness.
Proof. It follows easily from the results in [11] and [15] that G is a non-locally compact Lindelöf Σ -space. Observe
that G is not metrizable, since X is a non-metrizable subspace of G. It remains to apply Theorem 4.2. 
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bX, then the Lindelöf degree of X does not exceed 2ω.
Proof. We start with the following
Claim. For any compact subspace F of bX \X, the character of F in bX does not exceed 2ω.
Indeed, F is first countable and therefore, |F |  2ω. Since bX \ X is first countable, there is a family γ of open
sets in X such that |γ | 2ω and γ contains a base in bX \X at y, for every y ∈ F . Then the family
η =
{⋃
λ: λ ⊂ γ, |λ| <ω,F ⊂
⋃
λ
}
is a base of open neighbourhoods of F in bX \ X. Since |η|  2ω and bX \ X is dense in bX, it follows that the
character of F in bX does not exceed 2ω.
The Claim implies, exactly as in the proof of Henriksen–Isbell’s Theorem (see [12]), that the Lindelöf degree of X
is not greater than 2ω. 
Example 4.5. Any discrete space has a compactification with a first countable remainder (just take the Alexandroff
compactification of it, by one point). However, if M is any nowhere locally compact metrizable space of the cardinality
greater than 2ω, then M has no compactification with a first countable remainder, by Theorem 4.4, since the Lindelöf
degree of M does exceed 2ω. In particular, this is so for the countable power of the discrete space of the cardinality
greater than 2ω.
Henriksen–Isbell’s Theorem, telling us that any remainder of any Lindelöf space is a space of countable type,
suggests a natural question: does every Lindelöf Tychonoff space have a first countable remainder? We already know
from the above results that the answer is in negative (Cp([0,1]) is a counterexample). However, it is not clear what is
the answer to the next question:
Problem 4.6. Is it true that every Lindelöf (linearly Lindelöf) first countable Tychonoff space has a first countable
remainder?
Observe that the Lindelöf degree of every ω1-Lindelöf first countable space does not exceed 2ω (R.Z. Buzyakova
[9]), which is in agreement with Theorem 4.4.
In this connection, the following fact, that easily follows from Theorem 4.4, is worth mentioning:
Corollary 4.7. If an ω1-Lindelöf (linearly Lindelöf) Tychonoff space X has a first countable remainder, then un-
der (CH), X is Lindelöf.
For the definition and some properties of ω1-Lindelöf (linearly Lindelöf) spaces see [9] and [7]. I do not know the
answer to the next question:
Problem 4.8. Can (CH) be dropped in Corollary 4.7?
Theorem 4.9. If a non-locally compact topological group G has a remainder of countable π -character, then either G
is metrizable or every closed subspace X of G that is a space of countable type is locally compact.
Proof. Assume that G is not metrizable. Then, by Theorem 3.12, G is ω-bounded at infinity. Hence, X is ω-bounded
at infinity and, therefore, X is countably compact at infinity. On the other hand, X is Lindelöf at infinity, by Theo-
rem 4.1 from [5]. Hence, X is compact at infinity, that is, the space X is locally compact, a contradiction. 
Problem 4.10. Is the space Z described in Example 3.9 homogeneous?
Problem 4.11. Is the space Z described in Example 3.9 normal?
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Problem 4.13. Can the space Z described in Example 3.9 be mapped onto a compact space by a one-to-one continuous
mapping?
Problem 4.14. Suppose that G is a σ -compact topological group with a remainder of countable π -character. Does it
follow from (MA + ¬CH) that G is either metrizable or locally compact?
5. Remainders of countable pseudocharacter and Cp-spaces
Now we will consider a much weaker restriction on remainders than first countability: the requirement that every
point in the remainder is a Gδ-set. Recall that a space X is said to be of countable pseudocharacter if, for every x ∈ X,
{x} is a Gδ-set in X.
A principal result in this section is the theorem that Cp(X), for an uncountable space X, can never have a remainder
of countable pseudocharacter. In particular, this is applicable to the space Rω1 .
This theorem follows from a chain of results of certain independent interest.
Theorem 5.1. Suppose that G is a topological group with a remainder of countable pseudocharacter. Then at least
one of the following conditions is satisfied:
(1) G is a paracompact p-space;
(2) The remainder bG \G is first countable.
Proof. Take a compactification bG of G such that every point x ∈ bG \G is a Gδ in bG \G. Assume that bG \G is
not first countable at some point a ∈ bG \ G. Since a is a Gδ-point in bG \ G, there is a compactum F ⊂ bG with a
countable base of neighbourhoods in bG such that {a} = F ∩ (bG \ G). Since bG \ G is not first countable at a, we
have F \ {a} = ∅. It follows that there is a non-empty compactum B ⊂ F , with a countable base of neighbourhoods
in bG, such that a /∈ B . Then B ⊂ G, and we see that G is a topological group of countable type [16]. Therefore (see
[16]), G is a paracompact p-space, since G is a topological group. 
Here is a curious application of Theorem 5.1.
Theorem 5.2. Suppose that G is a weakly active topological group with a remainder of countable pseudocharacter.
Then G is a paracompact p-space.
Proof. We may assume that G is not metrizable, since every metrizable space is a paracompact p-space. Fix a com-
pactification bG of G such that the remainder bG \ G is a space of countable pseudocharacter. Then the remainder
bG \ G is not first countable (at least at one point), since otherwise G would have been metrizable, by Theorem 2.9.
Therefore, by Theorem 5.1, G is a paracompact p-space. 
Let us now prove that all non-trivial Cp-spaces are active.
Theorem 5.3. For any infinite Tychonoff space X, the topological group Cp(X) has a closed non-locally compact
metrizable subgroup.
Proof. Since X is infinite and Tychonoff, we can fix an infinite countable disjoint family ξ = {Un: n ∈ ω} of non-
empty open sets in X. We also fix a point zn ∈ Un and a real-valued function fn such that fn(X) ⊂ [0,1], fn(zn) = 1,
and fn(X \Un) = {0}, for each n ∈ ω.
Consider the subgroup G of Cp(X) algebraically generated by the set A = {fn: n ∈ ω}. Thus, G consists of linear
combinations
∑
λifi , where λi for i = 1, . . . , k are some real numbers, and k ∈ ω.
Clearly, the topology generated on G by the topology of Cp(X) is precisely the topology of pointwise convergence
on elements of the set Y = {zn: n ∈ ω} ⊂ X. Since Y is countable, it follows that the space G is second countable.
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group is, clearly, separable and first countable. Therefore, it is metrizable and second countable. Hence, H is a closed
metrizable subgroup of Cp(X).
Claim. The space H is not locally compact.
Since H is homogeneous, it is enough to verify this at the neutral element e of H . But it is obvious from the
definition of the topology of pointwise convergence, that for each open neighbourhood U of e there is k ∈ ω such that
{nfk: n ∈ ω} ⊂ U . Since the set {nfk: n ∈ ω} is a closed discrete subset of Cp(X), it follows that the closure of U in
H is not compact. Hence, H is not locally compact. 
Corollary 5.4. For any infinite Tychonoff space X, the topological group Cp(X) is active.
Theorem 5.5. For any uncountable Tychonoff space X, no remainder of Cp(X) has countable π -character.
Proof. Indeed, otherwise Cp(X) has a countable π -base at the neutral element, which implies that Cp(X) is metriz-
able, since Cp(X) is a topological group. Then X is countable (see [4]), a contradiction. 
Theorem 5.6. Suppose that X is a space such that Cp(X) is Lindelöf and some remainder of Cp(X) has countable
tightness. Then X is countable.
Proof. We may assume that X is infinite. Than Cp(X) is active (see Corollary 5.4). Therefore, Cp(X) is not locally
compact.
Let b(Cp(X)) be a compactification of Cp(X) such that the tightness of the remainder Y = b(Cp(X)) \ Cp(X) is
countable. By Proposition 3.16, the π -character of Y is countable at each point. Hence, Theorem 2.8 is applicable, and
we conclude that the π -character of Cp(X) is countable. Since Cp(X) is a topological group, it follows that Cp(X) is
metrizable. Hence, X is countable (see [4]). 
We are now ready to prove another main result on Cp-spaces.
Theorem 5.7. If X is a space such that some remainder of Cp(X) is a space of countable pseudocharacter, then X is
countable.
Proof. Assume that X is not countable. Then Cp(X) is not metrizable. Since Cp(X) is also active, it follows from
Theorem 5.2 that Cp(X) is a paracompact p-space. But this is possible only if X is countable [4], a contradiction. 
Corollary 5.8. There is no compactification of Rω1 (of Nω1) such that every point in the remainder is a Gδ-point.
Proof. For Rω1 this follows, for example, from Theorem 5.7. For Nω1 , one can use Theorem 5.2 (see also the argu-
ment in Example 2.12) and the fact that Nω1 is not a paracompact p-space. 
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